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Abstract
First, we derive a new second variation formula which holds for minimal Legendrian submanifolds in Sasakian
manifolds. Using this, we prove that any minimal Legendrian submanifold in an η-Einstein Sasakian manifold
with “nonpositive” η-Ricci constant is stable. Next we introduce the notion of the Legendrian stability of minimal
Legendrian submanifolds in Sasakian manifolds. Using our second variation formula, we find a general criterion
for the Legendrian stability of minimal Legendrian submanifolds in η-Einstein Sasakian manifolds with “positive”
η-Ricci constant.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Let (M2m+1, η) be a contact manifold. A Legendrian submanifold L is an m-dimensional submanifold
of M on which the contact form η vanishes. In the present paper, we investigate the stability of minimal
Legendrian submanifolds, when (M,η) carries a Sasakian structure (g, ξ,ϕ). Here, a Sasakian structure
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and a type (1,1)-tensor ϕ on M such that
(1.1)η(ξ) = 1,
(1.2)ϕ2 = −Id + η ⊗ ξ,
(1.3)g(ϕ(X),ϕ(Y ))= g(X,Y )− η(X)η(Y ),
(1.4)dη(X,Y ) = 2g(X,ϕ(Y )),
and
(1.5)[ϕ,ϕ](X,Y )+ dη(X,Y )ξ = 0,
where dη(X,Y ) = Xη(Y ) − Yη(X) − η([X,Y ]) and [ϕ,ϕ](X,Y ) = ϕ2[X,Y ] + [ϕ(X),ϕ(Y )] −
ϕ[ϕ(X),Y ]−ϕ[X,ϕ(Y )]. Sasakian geometry can be thought of as the odd-dimensional version of Kähler
geometry, see [2–4].
First, we prove the following second variation formula.
Theorem 1.1. Let (M2m+1, g, η, ξ,ϕ) be a Sasakian manifold and ι :Lm ⊂ M a compact minimal Leg-
endrian submanifold. Suppose that {Lt} is a normal deformation of L with L0 = L and dLtdt |t=0 = V .
Then(
d2
dt2
Vol(Lt)
)∣∣∣∣
t=0
=
∫
L
fdf dv +
∫
L
g˜(dαV − 4df + 2αV ,αV ) dv
(1.6)−
∫
L
RicM(VH ,VH )dv.
Here, f = η(V ) ∈ C∞(L), VH = V − f ξ , αV = − 12 ι∗(V dη) ∈ Ω1(L), d is the Hodge–Laplacian,
g˜ is the metric on T ∗L induced from g|L and RicM is the Ricci curvature of (M,g).
A Sasakian manifold (M2m+1, g, η, ξ,ϕ) is called η-Einstein if there is a constant A such that the Ricci
curvature Ric satisfies
Ric = Ag + (2m−A)η ⊗ η.
Here, we call this constant A the η-Ricci constant. Note that Einstein–Sasakian manifolds are η-Einstein
with the η-Ricci constant 2m. Using Theorem 1.1, we have the following theorem.
Theorem 1.2. Let (M2m+1, g, η, ξ,ϕ) be an η-Einstein Sasakian manifold with the η-Ricci constant
A−2. Then any minimal Legendrian submanifold in M is stable.
Next, we introduce the notion of the Legendrian stability of Legendrian submanifolds in a Sasakian
manifold. Let (M2m+1, g, η, ξ,ϕ) be a Sasakian manifold and ι :Lm ⊂ M a Legendrian submanifold.
Note here that ιt are not Legendrian for generic deformation {ιt} of a Legendrian submanifold L. We call
a smooth family {ιt} of embeddings of L into M a Legendrian deformation if ιt is Legendrian embedding
for each t . Then we call a minimal Legendrian submanifold L Legendrian stable if the second variation
for the volume is non-negative for all Legendrian deformations of L. Using the second variation formula,
Theorem 1.1, we have the following criterion for the Legendrian stability.
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A > −2 and L a compact minimal Legendrian submanifold in M . Then L is Legendrian stable if and
only if
λ1(L)A+ 2,
where λ1(L) is the first positive eigenvalue of the Hodge–Laplacian d acting on C∞(L).
Examples of η-Einstein Sasakian manifolds are principal S1-bundles on Kähler–Einstein manifolds,
see [2] or Section 2. If the Ricci form ρ of a Kähler–Einstein manifold (X,J, g,ω) satisfies ρ = cω, then
such S1-bundles have η-Einstein Sasakian structure with the η-Ricci constant A = c − 2.
For example, the standard unit sphere S2m+1(1) ⊂ Cm+1 carries the Sasakian structure induced from
the Hopf fibration S2m+1(1) → (CPm,gFS), where gFS is the Fubini–Study metric of scalar curvature
4m(m+1). By the theorem of T. Takahashi [11], λ1(L)m for any m-dimensional minimal submanifold
in S2m+1(1). Therefore, as a corollary of Theorem 1.3, we have the following “Legendrian instability” of
minimal Legendrian submanifolds in S2m+1(1).
Theorem 1.4. Let (S2m+1(1), g) be the standard unit sphere and (η, ξ,ϕ) the Sasakian structure on
(S2m+1(1), g) induced from the Hopf fibration. Suppose L is a compact minimal Legendrian submanifold
in S2m+1(1). Then L is Legendrian unstable.
The index and the nullity of minimal Legendrian submanifolds in S2m+1(1) are investigated in [12]
precisely.
Another interesting example is the canonical bundle of a Kähler–Einstein manifold with positive scalar
curvature. Let (X2m,J, g,ω) be a Kähler–Einstein manifold with the Ricci form ρ = cω (c > 0), KX be
the canonical bundle of X and S(KX) be the principal S1-bundle associated with KX. On S(KX), there is
an η-Einstein Sasakian structure (g,η, ξ,ϕ) such that the projection S(KX) → X is Riemannian submer-
sion. Suppose that L is an orientable minimal Lagrangian submanifold in X. Then there is a horizontal
lift L˜ ⊂ S(KX) of L. By the theorem of Y.-G. Oh in [8], L˜ is isometric to L. Moreover L˜ is a minimal
Legendrian submanifold in S(KX). (If L is non-orientable, then, replacing S(KX) by S(K⊗2X ), the above
situation holds.)
In the Kähler case, there is the notion of Hamiltonian stability of minimal Lagrangian submanifolds
which is defined by Y.-G. Oh in [7]. We call a minimal Lagrangian submanifold L in a Kähler manifold
(X,J, g,ω) Hamiltonian stable if the second variation for the volume is non-negative for all Hamiltonian
deformations of L.
Theorem 1.5. Let (X2m,J, g,ω) be a Kähler–Einstein manifold of positive scalar curvature, KX the
canonical bundle of X and S(KX) the principal S1-bundle associated with KX. Suppose that L is a
minimal Lagrangian submanifold in X.
1. If L is orientable, then L is Hamiltonian stable if and only if the horizontal lift L˜ ⊂ S(KX) is Legen-
drian stable.
2. If L is non-orientable, then L is Hamiltonian stable if and only if the horizontal lift L˜ ⊂ S(K⊗2X ) is
Legendrian stable.
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In the present section, we review some properties of Sasakian manifolds (see [2]).
Let (M2m+1, g, η, ξ,ϕ) be a (2m + 1)-dimensional Sasakian manifold. We call ξ the characteristic
vector field. Then we immediately see the following, see [2, p. 33].
Proposition 2.1. Let (M,g,η, ξ,ϕ) be a Sasakian manifold. Then we have
(2.1)ϕ(ξ) = 0,
(2.2)η ◦ ϕ = 0,
(2.3)η(X) = g(ξ,X)
and
(2.4)dη(X, ξ) = 0.
By (2.3), g(ξ, ξ) = 1 and ξ⊥ = Kerη.
Moreover, by [2, Lemma 6.2, Theorem 6.3 and Corollary 6.3, pp. 67–68] we have the following
lemma.
Lemma 2.2. Let (M,g,η, ξ,ϕ) be a Sasakian manifold. Then
(2.5)∇Xξ = −ϕ(X)
and
(2.6)(∇Xϕ)(Y ) = g(X,Y )ξ − η(Y )X
hold for vector fields X, Y on M , where ∇ is the Levi-Civita connection of (M,g).
On Sasakian manifolds we have curvature conditions as follows [2, Lemma 7.1 and Proposition 7.3,
pp. 93–95].
Lemma 2.3. Let (M,g,η, ξ,ϕ) be a (2m + 1)-dimensional Sasakian manifold. If R and Ric are the
curvature tensor and the Ricci curvature of (M,g) respectively, then we have
(2.7)R(X,Y )ξ = η(Y )X − η(X)Y,
(2.8)Ric(ξ,X) =
{
2m if X = ξ,
0 if X ∈ Kerη
and
R(X,Y )ϕ(Z) = ϕ(R(X,Y )Z)− g(Y,Z)ϕ(X)+ g(ϕ(X),Z)Y
(2.9)+ g(X,Z)ϕ(Y )− g(ϕ(Y ),Z)X.
Moreover, if (M,g) is Einstein, then the scalar curvature s equals 2m(2m+ 1).
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Let (M2m,J, g,ω) be a Kähler manifold. Suppose that there is a nonzero constant γ such that the
Kähler class [ω] ∈ H 2(M,R) satisfies
[ω]
γ
∈ Image(H 2(M,Z) → H 2(M,R)).
Then there is a principal S1-bundle πγ :Pγ → M and a connection θγ on Pγ such that dθγ = 2π
√−1
γ
π∗γ ω,
see, for example, [6, Proposition 2.1.1, p. 133] or [5, Proposition 9]. We define
ηγ = γ
π
√−1θγ , gγ = π
∗
γ g + ηγ ⊗ ηγ , ξγ gγ = ηγ
and
ϕγ (X) =
{
π˜γ J (πγ )∗X if X ∈ Kerηγ ,
0 if X = cξγ ,
where π˜γ is the horizontal lift. Then (Pγ , gγ , ηγ , ξγ , ϕγ ) is a Sasakian manifold, see [2, pp. 81–83]. More-
over, suppose that (M,J,g,ω) is Kähler–Einstein with the Ricci form ρ = cω. Since the Riemannian
submersion πγ :Pγ → M has geodesic fibers, we can compute the Ricci curvature Ricgγ of (Pγ , gγ ):
Ricgγ (X,Y ) = (c − 2)gγ (X,Y ),
where X,Y ∈Kerηγ , see, for example, [1, Chapter 9]. By (2.8), Ricgγ (ξγ , ξγ )=2m and Ricgγ (X, ξγ )=0.
Hence (Pγ ,gγ , ηγ , ξγ , ϕγ ) is η-Einstein with the η-Ricci constant c − 2.
For example, if M = CPm and g is the Kähler–Einstein metric of scalar curvature 4m(m + 1), then
(Pπ, gπ) = (S2m+1(1), g0), where S2m+1(1) ⊂ Cm+1 is the unit sphere and g0 is the induced metric.
3. Legendrian submanifolds in Sasakian manifolds
We first recall the definition of Legendrian submanifolds in contact manifolds.
Definition 3.1. Let (M2m+1, η) be a contact manifold. An embedding ι :L ↪→ M is called Legendrian if
dimL = m and ι∗η = 0.
Let (M,g,η, ξ,ϕ) be a (2m + 1)-dimensional Sasakian manifold and ι :L ↪→ M a Legendrian em-
bedding. Then we have a natural identification between Γ (NL) and C∞(L)⊕Ω1(L), where NL is the
normal bundle of the embedding ι.
Lemma 3.2. The linear map χ :Γ (NL) → C∞(L)⊕Ω1(L) defined by
χ(V ) =
(
η(V ),−1
2
ι∗(V dη)
)
is an isomorphism. Moreover,
g(V,W) = η(V )η(W)+ g˜(αV ,αW)
holds for any V,W ∈ Γ (NL), where α = − 1 ι∗(V dη) and g˜ is the metric on T ∗L induced from g .V 2 |L
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plectic form and ϕ is a compatible complex structure for each p ∈ M . Hence ι∗TpL ⊂ (Kerη)p is a
Lagrangian subspace for each p ∈ L. Therefore the normal space Nι(p)L has the orthogonal decomposi-
tion Nι(p)L = Rξι∗(p) ⊕ ϕ(ι∗(TpL)). If we decompose Nι(p)L  V = aξp + VH , where VH ∈ ϕ(ι∗(TpL)),
then a = η(V ) and the dual of ϕ(VH ) ∈ ι∗(TpL) by the metric g|L is − 12 ι∗(V dη). 
Definition 3.3. (1) Let ι :Lm ↪→ M be a Legendrian embedding in a Sasakian manifold (M2m+1, g, η,
ξ,ϕ). A smooth family {ιt} of embeddings of L into M is called a Legendrian deformation if ιt is Leg-
endrian embedding for each t and ι0 = ι.
(2) A normal vector field V ∈ Γ (NL) along L is called a Legendrian variation vector field if V =
χ−1(η(V ), 12d(η(V ))).
Suppose that {ιt} is a Legendrian deformation with V = dιtdt |t=0. Then the normal component VN ∈
Γ (NL) of V is a Legendrian variation vector field, because
0 = ι∗LV η = d
(
η(V )
)+ ι∗(V dη) = d(η(VN))+ ι∗(VNdη) = d(η(VN))− 2αVN ,
where L is Lie derivative.
Finally, we see that the second fundamental form of a Legendrian embedding has the following prop-
erties.
Proposition 3.4. Let σ be the second fundamental form of a Legendrian embedding ι :L ↪→ M into a
Sasakian manifold (M,g,η, ξ,ϕ). Then we have
(1) g(σ (X,Y ), ξ) = 0, and
(2) g(σ (X,Y ),ϕι∗Z) = g(σ (X,Z),ϕι∗Y )
for any X,Y,Z ∈ T L.
Proof.
g
(
σ(X,Y ), ξ
)= g(∇ι∗Xι∗Y, ξ) = −g(ι∗Y,∇ι∗Xξ) = g(ι∗Y,ϕ(ι∗X))= 0.
Hence (1) holds. To prove (2), we need the following lemma.
Lemma 3.5. For any Y,Z ∈ Kerη, we have
(3.1)g(∇X(ϕ(Y )),Z)= g(ϕ(∇XY ),Z).
Proof. By (2.6), we have
g
(∇X(ϕ(Y ))− ϕ(∇XY ),Z)= g(g(X,Y )ξ,Z)= 0. 
Using Lemma 3.5,
g
(
σ(X,Y ),ϕι∗Z
)= g(∇ι∗Xι∗Y,ϕι∗Z) = −g(ϕ∇ι∗Xι∗Y, ι∗Z) = −g(∇ι∗X(ϕι∗Y ), ι∗Z)
= g(ϕι∗Y,∇ι∗Xι∗Z) = g
(
σ(X,Z),ϕι∗Y
)
.
Thus (2) holds. 
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Proposition 3.6. Let Y,Z ∈ Kerη. Then
(∇Xdη)(Y,Z) = 0.
Proof.
(∇Xdη)(Y,Z) = X
(
dη(Y,Z)
)− dη(∇XY,Z)− dη(Y,∇XZ)
= 2Xg(Y,ϕ(Z))− dη(∇XY,Z)− dη(Y,∇XZ)
= 2g(∇XY,ϕ(Z))+ 2g(Y,ϕ∇XZ)− dη(∇XY,Z)− dη(Y,∇XZ)
= 0. 
4. Second variation formula
Let (Mm,g) be a Riemannian manifold, ι :Nn → M a minimal immersion and {ιt} a deformation of ι
with
ι0 = ι, dιt (p)
dt
∣∣∣∣
t=0
= Vp (p ∈ L).
Then, we have the following well-known second variation formula.
Proposition 4.1 [10, Theorem 3.2.2]. If V ∈ Γ (NL), then(
d2
dt2
Vol(Lt)
)∣∣∣∣
t=0
=
∫
L
{
g(∇NV,∇NV )+ g(R(V ),V )− g(A˜(V ),V )}dv,
where Lt = Image ιt , ∇N is the normal connection on NL,
g
(R(V ),V )=
n∑
i=1
g
(
R(ei,V )ei,V
)
and
g
(
A˜(V ),V
)=
n∑
i,j=1
(
g
(
σ(ei, ej ),V
))2
.
Here R is the curvature tensor of M , {ei} is an orthonormal frame on TN and σ is the second funda-
mental form of ι.
Proof of Theorem 1.1. Let (M2m+1, g, η, ξ,ϕ) be a Sasakian manifold and ι :Lm ↪→ M a minimal
Legendrian embedding. We identify X ∈ TpL and ι∗(X) ∈ Tι(p)ιL and omit ι∗. Recall that there is an
isomorphism
χ :Γ (NL) → C∞(L)⊕Ω1(L),
see Section 3.
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(χ ◦ ∇NX ◦ χ−1)(f,α) =
(
Xf − α(X),∇Xα + f2 ι
∗(ϕ(X)dη)
)
,
where ∇ is the Levi-Civita connection of L.
Proof. Denote χ−1(f,α) = V = f ξ +VH (VH ∈ Kerη), i.e., f = η(V ) and α = − 12 ι∗(V dη). Then, by(2.4), we have
χ(∇NX V ) =
(
η(∇NX V ),−
1
2
ι∗
(
(∇NX V )dη
))
(4.1)=
(
η(∇NX V ),−
1
2
ι∗
(
(f∇NX ξ + ∇NX VH)dη
))
.
Lemma 4.2 holds by the following lemma.
Lemma 4.3.
(4.2)η(∇NX V ) = Xf − α(X),
(4.3)ι∗(∇NX VHdη) = −2∇Xα,
(4.4)ι∗(f∇NX ξdη) = −f ι∗(ϕ(X)dη).
Proof. Let ∇ be the Levi-Civita connection of (M,g). Then
Xf = X(η(V ))= Xg(ξ,V ) = g(∇Xξ,V )+ g(ξ,∇XV ) = −g(ϕ(X),V )+ η(∇NX V )
= −1
2
ι∗(V dη)(X)+ η(∇NX V ) = α(X)+ η(∇NX V ).
Hence (4.2) holds.
For a vector field Y on L, we have
ι∗(f∇NX ξdη)(Y ) = f dη(∇NX ξ,Y ) = 2fg
(∇NX ξ,ϕ(Y ))= 2fg(∇Xξ,ϕ(Y ))
= −2fg(ϕ(X),ϕ(Y ))= −f ι∗(ϕ(X)dη)(Y ).
Hence (4.4) holds. Finally, by Lemma 3.6,
ι∗(∇NX VHdη)(Y ) = ι∗(∇XVHdη)(Y ) = X
(
dη(VH ,Y )
)− dη(VH ,∇XY )
= X(dη(VH ,Y ))− dη(VH ,∇XY ) = (∇X(ι∗((VH )dη)))(Y )
= −2(∇Xα)(Y ). 
Hence we have proved Lemma 4.2. 
Proposition 4.4. Let V = χ−1(f,α) ∈ Γ (NL). Then∫
L
g(∇NV,∇NV )dv =
∫
L
{
(df +mf )f + g˜(−α − 4df + α,α)
}
dv,
where d is the Hodge Laplacian,  is the connection Laplacian and g˜ is the metric on T ∗L induced
from g .|L
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∫
L
g(∇NV,∇NV )dv = − ∫
L
g(NV,V )dv. Let p ∈ L and let
{ei} be a local orthonormal frame on T L with ∇ei ej (p) = 0. Then
(NV )(p) =
m∑
i=1
∇Nei ∇Nei V (p)
and
(χ ◦N ◦χ−1)(f,α)(p) =
m∑
i=1
χ ◦ ∇Nei ◦ χ−1
(
eif − α(ei),∇ei α +
f
2
ι∗
(
ϕ(ei)dη
))
(p)
=
m∑
i=1
(
ei
(
eif − α(ei)
)−
(
∇ei α +
f
2
ι∗
(
ϕ(ei)dη
))
(ei),
∇ei
(
∇ei α+
f
2
ι∗
(
ϕ(ei)dη
))+ 1
2
(
eif −α(ei)
)
ι∗
(
ϕ(ei)dη
))
(p)
=
(
−df + 2δα −mf,α +
m∑
i=1
(
eif ι
∗(ϕ(ei)dη)
+ f
2
∇ei
(
ι∗
(
ϕ(ei)dη
))− 1
2
α(ei)ι
∗(ϕ(ei)dη)
))
(p),
where δ is the codifferential. Moreover we have
m∑
i=1
eif ι
∗(ϕ(ei)dη)(Y ) = 2
m∑
i=1
eifg
(
ϕ(ei), ϕ(Y )
)= 2df (Y ),
−1
2
m∑
i=1
α(ei)ι
∗(ϕ(ei)dη)(Y ) = −
m∑
i=1
α(ei)g(ei, Y ) = −α(Y )
and, at p ∈ L,
∇ei
(
ι∗
(
ϕ(ei)dη
))
(Y ) = ∇ei
{
ι∗
(
ϕ(ei)dη
)
(Y )
}− ι∗(ϕ(ei)dη)(∇ei Y )
= 2g(ei,∇ei Y )− 2g(ei,∇ei Y ) = 0
for any Y ∈ T L. Therefore, by Lemma 3.2,∫
L
g(∇NV,∇NV )dv = −
∫
L
{
(−df + 2δα −mf )f + g˜(α + 2df − α,α)
}
dv
=
∫
L
{
(df +mf )f + g˜(−α − 4df + α,α)
}
dv
holds. 
Next, we calculate g(R(V ),V ) − g(A˜(V ),V ). Let p ∈ L and let {ei} be a local orthonormal frame
on T L with ∇ei ej (p) = 0. Then {e1, . . . , em,ϕ(e1), . . . , ϕ(em), ξ} is a local orthonormal frame on TM .
Again χ−1(f,α) = V = f ξ + V (V ∈ Kerη), i.e., f = η(V ) and α = − 1 ι∗(V dη). By the definitionH H 2
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(4.5)g(R(V ),V )=
m∑
i=1
g
(
R(ei,V )ei,V
)
,
where R is the curvature tensor of M .
Proposition 4.5.
(4.6)−RicM(V,V ) = g
(R(V ),V )− g(A˜(V ),V )− g˜(Ric(α),α)−mf 2 − g˜(α,α),
where RicM is the Ricci curvature of M and Ric is the Ricci transformation of L (acting on Ω1(L)).
Proof. By the definition of the Ricci curvature, we have
−RicM(V,V ) =
m∑
i=1
{
g
(
R(ei,V )ei,V
)+ g(R(ϕ(ei),V )ϕ(ei),V )}+ g(R(ξ,V )ξ,V )
(4.7)= g(R(V ),V )+
m∑
i=1
g
(
R
(
ϕ(ei),V
)
ϕ(ei),V
)+ g(R(ξ,V )ξ,V ).
Lemma 4.6.
g
(
R(ξ,V )ξ,V
)= −g˜(α,α).
Proof. By (2.7), η(VH ) = 0 and η(ξ) = 1. Therefore
g
(
R(ξ,V )ξ,V
)= g(η(VH)ξ − η(ξ)VH ,f ξ + VH )= −g(VH ,VH ) = −g˜(α,α). 
Lemma 4.7.
m∑
i=1
g
(
R
(
ϕ(ei),V
)
ϕ(ei),V
)= −mf 2 +
m∑
i=1
g
(
R
(
ei, ϕ(VH )ei, ϕ(VH )
))
.
Proof.
m∑
i=1
g
(
R
(
ϕ(ei),V
)
ϕ(ei),V
)=
m∑
i=1
(
f 2g
(
R
(
ϕ(ei, ξ)ϕ(ei), ξ
)+ 2fg(R(ϕ(ei),VH )ϕ(ei), ξ)
+ g(R(ϕ(ei),VH )ϕ(ei),VH ))).
On the other hand, by Lemma 2.3, η(ξ) = 1, η(ϕ(ei)) = η(VH) = 0, ϕ(ei) ∈ Γ (NL) and VH =∑m
i=1 g(VH ,ϕ(ei))ϕ(ei) ∈ Γ (NL), we have
g
(
R
(
ϕ(ei, ξ)ϕ(ei), ξ
))= −g(R(ϕ(ei, ξ)ξ, ϕ(ei)))= −g(η(ξ)ϕ(ei)− η(ϕ(ei)ξ), ϕ(ei))= −1,
g
(
R
(
ϕ(ei),VH
)
ϕ(ei), ξ
)= −g(η(VH)ϕ(ei)− η(ϕ(ei))VH ,ϕ(ei))= 0
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m∑
i=1
g
(
R
(
ei, ϕ(VH )
)
ei, ϕ(VH )
)
= −
m∑
i=1
g
(
ϕ
(
R
(
ei, ϕ(VH )
)
ei
)
,VH
)
= −
m∑
i=1
g
((
R
(
ei, ϕ(VH )
)
ϕ(ei)+ g
(
ϕ(VH ), ei
)
ϕ(ei)− g
(
ϕ(ei), ei
)
ϕ(VH)
+ g(ei, ei)VH − g(VH , ei)ei,VH
))
=
m∑
i=1
g
(
ϕ
(
R
(
ϕ(ei),VH
)
ei
)
,VH
)+ (1 −m)g(VH ,VH)
=
m∑
i=1
g
((
R
(
ϕ(ei),VH
)
ϕ(ei)− g(VH , ei)ei + g(ei, ei)VH
− g(ϕ(ei), ei)ϕ(VH)+ g(ϕ(VH ), ei)ϕ(ei),VH ))+ (1 −m)g(VH ,VH)
=
m∑
i=1
g
(
R
(
ϕ(ei),VH
)
ϕ(ei),VH
)
.
Hence we have proved Lemma 4.7. 
Finally, by Gauss equation, we have
−g˜(Ric(α),α)= −g(Ric(ϕ(VH)), ϕ(VH ))
=
m∑
i=1
(
g
(
R
(
ei, ϕ(VH )
)
ei, ϕ(VH )
)− g(σ(ei, ei), σ (ϕ(VH),ϕ(VH )))
+ g(σ (ei, ϕ(VH )), σ (ei, ϕ(VH ))))
(4.8)=
m∑
i=1
(
g
(
R
(
ei, ϕ(VH )
)
ei, ϕ(VH )
)+ g(σ (ei, ϕ(VH )), σ (ei, ϕ(VH )))).
Here, since ι is a minimal embedding, the third equality holds. By Proposition 3.4,
σ
(
ei, ϕ(VH )
)=
m∑
j=1
g
(
σ
(
ei, ϕ(VH )
)
, ϕ(ej )
)
ϕ(ej ).
Thus, by Proposition 3.4,
m∑
i=1
g
(
σ
(
ei, ϕ(VH )
)
, σ
(
ei, ϕ(VH )
))=
m∑
i,j=1
(
g
(
σ
(
ei, ϕ(VH )
)
, ϕ(ej )
))2 =
m∑
i,j=1
(
g
(
σ(ei, ej ),VH
))2
(4.9)=
m∑(
g
(
σ(ei, ej ), f ξ + VH
))2 = g(A˜(V ),V ).
i,j=1
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The following Weitzenböck formula is well-known.
Lemma 4.8 (Weitzenböck formula). Let (M,g) be a Riemannian manifold. Then
d = −+ Ric
on Ω1(M) where Ric is the Ricci transformation acting on Ω1(M).
By (2.8), Proposition 4.4, 4.5 and Lemma 4.8, we have∫
L
{
g(∇NV,∇NV )+ g(R(V ),V )− g(A˜(V ),V )}dv
=
∫
L
(
(df +mf )f + g˜(−α − 4df + α,α)− RicM(V,V )
+ g˜(Ric(α),α)+mf 2 + g˜(α,α))dv
=
∫
L
(df + 2mf )f dv +
∫
L
g˜(dα − 4df + 2α,α)dv −
∫
L
RicM(V,V )dv
=
∫
L
fdf dv +
∫
L
g˜(dα − 4df + 2α,α)dv −
∫
L
RicM(VH ,VH)dv.
Hence we have proved Theorem 1.1. 
Proof of Theorem 1.2. By Theorem 1.1 and (2.8), the following lemma is immediate.
Lemma 4.9. Let (M2m+1, g, η, ξ,ϕ) be an η-Einstein Sasakian manifold with the η-Ricci constant A and
L ⊂ M a minimal Legendrian submanifold. Suppose that {Lt} is a normal deformation of L with L0 = L
and dLt
dt
|t=0 = V = f ξ + VH . Then
(4.10)
(
d2
dt2
Vol(Lt)
)∣∣∣∣
t=0
= ‖df − 2αV ‖2L2 + ‖dαV ‖2L2 + ‖δαV ‖2L2 − (A+ 2)‖αV ‖2L2
holds, where δ is the dual of the exterior derivative.
Hence Theorem 1.2 holds. 
5. Legendrian stability
First, we introduce the notion of the Legendrian stability of minimal Legendrian submanifolds in
Sasakian manifolds.
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endrian embedding. We call ι Legendrian stable if(
d2
dt2
Vol(Lt)
)∣∣∣∣
t=0
 0
for any Legendrian deformation {Lt}.
Proof of Theorem 1.3. Let (M2m+1, g, η, ξ,ϕ) be an η-Einstein Sasakian manifold with the η-Ricci
constant A > −2 and L ⊂ M a minimal Legendrian submanifold. Suppose that {Lt} is a Legendrian
deformation of L with L0 = L and dLtdt |t=0 = V = f ξ +VH . Substituting αV = 12df into (4.10), we have(
d2
dt2
Vol(Lt)
)∣∣∣∣
t=0
= 1
4
(‖df ‖2L2 − (A+ 2)(df,f )L2).
Let 0 = λ0(L) < λ1(L) < · · · < λk(L) < · · · → ∞ be eigenvalues of d acting on C∞(L) and f =
f0 +∑i1 fi be the spectral decomposition of f , i.e., dfi = λi(L)fi . Then
(5.1)
(
d2
dt2
Vol(Lt)
)∣∣∣∣
t=0
= 1
4
∞∑
i=1
(
λi(L)
(
λi(L)− (A+ 2)
)∫
L
f 2i dv
)
.
Therefore L is Legendrian stable if and only if λ1(L)A+ 2. 
Next, we see a relation between Legendrian stable minimal Legendrian submanifolds in η-Einstein
Sasakian manifolds and Hamiltonian stable minimal Lagrangian submanifolds in Ricci positive Kähler–
Einstein manifolds.
Let (X2m,J, g,ω) be a Kähler manifold and ι :Lm ↪→ X a Lagrangian embedding.
Definition 5.2 [7]. (1) A vector field V along L is called a Hamiltonian variation if the 1-form ι∗(V ω)
is exact.
(2) A smooth family {ιt} of embeddings of L into X is called a Hamiltonian deformation if its deriva-
tive is Hamiltonian.
(3) Let ι be compact and minimal. We call ι Hamiltonian stable if(
d2
dt2
Vol(Lt)
)∣∣∣∣
t=0
 0
for any Hamiltonian deformation {Lt}.
Theorem 5.3 [7, Theorem 4.4]. Let (X2m,J, g,ω) be a Kähler–Einstein manifold with its Ricci form
ρ = cω and L a compact minimal Lagrangian submanifold. Then L is Hamiltonian stable if and only if
λ1(L) c, where λ1(L) is the first positive eigenvalue of the Laplacian d acting on C∞(L).
Proof of Theorem 1.5. Let (X2m,J, g,ω) be a Kähler–Einstein manifold with the Ricci form ρ = cω
(c > 0), KX the canonical bundle of X and S(KX) the principal S1-bundle associated with KX. Suppose
that L is an orientable minimal Lagrangian submanifold in X. (Since the proof for the case L is non-
orientable is similar, we prove the theorem only for the case L is orientable.) By Proposition 2.2 of [8],
340 H. Ono / Differential Geometry and its Applications 22 (2005) 327–340there is a horizontal lift L˜ ⊂ S(KX) such that L˜ is Legendrian and isometric to L, where L and L˜ have
induced metrics respectively. Moreover, L˜ is minimal, see [9]. Thus, by Theorems 1.3 and 5.3, L is
Hamiltonian stable if and only if L˜ is Legendrian stable. 
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